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§1. Introduction
For a simple graph G = (V (G), E(G)), a vertex labeling of G is a mapping θ : V (G) → Z of
non-negative integers that induces for each edge xy a label depending on θ(x) and θ(y). A
labeling is called a graceful labeling of a graph G if it satisfying three conditions following:
(i) ∀u, v ∈ V (G), if u 6= v, then θ(u) 6= θ(v);
(ii) max{θ(v)|v ∈ V (G)} = |E(G)|;
(iii) For ∀e = xy ∈ E(G), let θ(e) = |θ(x) − θ(y)|. Then ∀e1, e2 ∈ E(G), if e1 6= e2, then
θ(e1) 6= θ(e2).
Many research works on graph labeling can be found in the reference [2], particularly,
graceful graphs. Gracefulness of some graph families can be also seen in references [4] − [10].
In this paper, we concentrate on the enumeration problem of graceful trees with given order.
Let Kn = (V,E) be a complete graph with n vertices v1, v2, · · · , vn. All edges of Kn can be
denoted by eij = vivj , where i, j ∈ N = {1, 2, · · · , n}), (i 6= j. We denote the vertex labeling of
vi by θ(vi), and label it with θ(vi) = i. Then all edges labeling are respective θ(vnv1) = n− 1,
θ(vnv2) = n − 2, θ(vn−1v1) = n − 2, · · · , θ(vnvn−1) = 1, θ(vn−1vn−2) = 1, · · · , θ(v2v1) = 1.
Obviously, all edge labels θ(vivj) make up (n − 1)! graceful graphs. Certainly, these graceful
graphs include disconnected and isomorphic graphs.
If all edges eij correspond to coordinates (xi, yj) on a Euclidean plane by xi = i, yj = j for
1 < i ≤ n, 1 ≤ j < n, then there is a bijection between eij and (xi, yj). Its diagram is a lower
triangle with y = x− a for a = 1, 2, · · · , n− 1, and the graceful label θ(e) of an edge e is on the
oblique line y = x− a.
For example, let G = K6. Its diagram can be found in Fig.1.1.
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Fig.1.1
In this diagram, if θ(e) = 1, then θ(e) ∈ {|x − y| : 2 − 1, 3 − 2, 4 − 3, 5 − 4, 6 − 5}.
If θ(e) = 2, then θ(e) ∈ {|x − y| : 3 − 1, 4 − 2, 5 − 3, 6 − 4}. · · · , If θ(e) = 6 − 1, then
θ(e) ∈ {|x− y| : 6− 1}. In other words, there are 5 oblique lines on Fig.1 when n = 6. Suppose
these lines are L1, L2, L3, L4, L5. Let (xli, ylj) be a point on the plane with the coordinate
(xi, yj) and l denotes l − th oblique line. Then {(x16, y11) = (6, 1)} ∈ L1, {(x25, y21) =
(5, 1), (x26, y22) = (6, 2)} ∈ L2, {(x34, y31) = (4, 1), (x35, y32) = (5, 2), (x36, y33) = (6, 3)} ∈ L3,
· · · ,{(x52, y51) = (2, 1), (x53, y52) = (3, 2), (x54, y53) = (4, 3), (x55, y54) = (5, 4), (x56, y55) =
(6, 5)} ∈ L5. Moreover, we define
y11(y21 + y22) · · · (yn−1,1 + yn−1,2 + · · ·+ yn−1,n−1) =
∑
y1j1y2j2 · · · yn−1,jn−1 , (1)
x1,n(x2,n−1 + x2,n) · · · (xn−1,2 + xn−1,3 + · · ·+ xn−1,n) =
∑
x1j1x2j2 · · ·xn−1,jn−1 . (2)
The expansion of these polynomials (1) and (2) both have (n−1)! terms. Terms∏n−1r=1 xsr ,ir
and
∏n−1
r=1 ysr ,jr ) in their expansion are called the correspondent term pair, denoted by (x, y) =
(
∏n−1
r=1 xsr ,ir ,
∏n−1
r=1 ysr ,jr). Then each pair (x, y) corresponds to a graceful graph as just ex-
plained.
In a labeling graph G, if a vertex labeling vi = n− i+1 is replaced by vi = i, then all edge
labels are invariant. This kind of labeling are called equivalent, seeing in Fig 1.2 for details, in
where, (a→ a′ and b→ b′).
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For instance, choose n = 4 in (1) and (2), i.e.,
y11(y21 + y22)(y31 + y32 + y33)
= y11y21y31 + y11y21y32 + y11y21y33 + y11y22y31 + y11y22y32 + y11y22y33
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x14(x23 + x24)(x32 + x33 + x34)
= x14x23x32 + x14x23x33 + x14x23x34 + x14x24x32 + x14x24x33 + x14x24x34
If (x, y) = (x14x23x32, y11y21y31), we get x14 − y11 = 3, x23− y21 = 2, x32 − y31 = 1. Hence
(x, y) is correspondent to a graceful star graph.
If (x, y) = (x14x23x33, y11y21y32), we find x14− y11 = 3, x23− y21 = 2, x33− y32 = 1, which
is correspondent to a graceful path graph.
If (x, y) = (x14x23x34, y11y21y33), we have x14 − y11 = 3, x23 − y21 = 2, x34 − y33 = 1. It is
correspondent to a graceful triangular graph.
Notice that by definition, these two labeling in pairs (x, y) = (x14x24x32, y11y22y31) and
(x, y) = (x14x23x34, y11y21y33), (x, y) = (x14x24x33, y11y22y32) and (x, y) = (x14x23x33, y11y21y32),
(x, y) = (x14x24x34, y11y22y33) and (x, y) = (x14x23x32, y11y21y31) are equivalent.
§2. The Enumeration of Graceful Trees
For enumerating graceful trees, a well-known result is useful.
Lemma 2.1([3]) Let T = {t1, t2, · · · , tn−1} be a set of n− 1 involutions on N = {1, 2, · · · , n}.
Then the product t1t2 · · · tn−1 is an n-cyclic permutation if and only if (N,T ) is a tree.
From Lemma 2.1 we obtain a result in the following.
Theorem 2.1 Let (x, y) be a correspondent term pair. If it is an n-cyclic permutation, then
(x, y) corresponds to a graceful tree.
Proof From the formulae (1) and (2), we have y11 and x1n → (x1n, y11), y21 and x2,n−1 →
(x2,n−1, y21), y22 and x2,n → (x2,n, y22), · · · ,etc.. They satisfy y = x−a, a = 1, 2, · · · , n−1. So
(x, y) = (
∏n−1
r=1 xsr ,ir ,
∏n−1
r=1 ysr ,jr ), namely {θ(x, y)} = {1, 2, · · · , n− 1}}. Now if it is n- cyclic
permutation (not exist less than n), then it is correspondent to a connected graph of n vertices
with n− 1 edges by the Lemma 2.1. Therefore it is a graceful tree. 
Corollary 2.1 A correspondent term pair (x, y) is a graceful tree only if
n−1⋃
i=1
xi
⋃ n−1⋃
j=1
yj = {1, 2, · · · , n}.
Define a matrix A by
A = [axy],
where axy = (x, y). This matrix shows that there are (n − 1)!/2 labeling ways on graceful
graphs, but in which (n− 2)!/2 labeling ways are equivalent. We need to delete the pair (2, n)
in the matrix A. This is tantamount to cancel equivalent labeling. In addition, the three pairs
(1, n), (1, n−1) and (n−1, n) consist of a 3-cyclic with an edge set {e1n, e1,n−1, en−1,n}. In other
words, there are (n− 2)!/2 graceful graphs contain 3-cyclic with edge en−1,n, correspondent to
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the pair (n− 1, n). Hence cancel the pair (n − 1, n) in the matrix A. So we get a new matrix
A′ from A.
According to the previous discussions, define a permutation
T (n) =
 y1 y2 · · · yn−1
x1 x2 · · · xn−1
 ,
where y1 = y2 = 1, x1 = n, x2 = n− 1. Then we have the next result.
Theorem 2.2 For an integer n ≥ 3,
(i) if yi+1 = yi or yi+1 = yi+1 for all indexes i, then T (n) corresponds to a graceful tree;
(ii) if there is an integer k such that yi = yi+1 and yi+2 = yi+1, yi+3 = yi+2, · · · , yi+k =
yi + k − 1, rearrange yj such that the j-th entry is y′j ≤ j for i + 2 ≤ j ≤ i + k and define
x′j = y
′
j + n− j. Then the new pair (x′, y′) , namely
T ′(n) =
 1 1 y′3 y′4 · · · y′n−1
n n− 1 x′3 x′4 · · · x′n−1

.
is still correspondent to a graceful tree.
Proof The case of y3 = y4 = · · · = yn−1 = 1 and xi = n − i + 1, i = 3, 4, · · · , n − 1 is
trivial,which corresponds to a star tree.
We verify Theorem 2.2(i) in the first. When y1 = y2 = 1, x1 = n, x2 = n − 1, so v1, vn−1
and vn three vertices consist of a path. When yi = yi+1, xi = yi + n − i, then xi+1 = yi +
n − i − 1 = xi − 1. When yi+1 = yi + 1, xi = yi + n − i, then xi+1 = xi. So for any integer
i, 1 ≤ i ≤ n, we know that yi+1 = yi + 1 → xi+1 = xi; yi+1 = yi → xi+1 = xi − 1, i.e.,
0 ≤ |yi+1 − yi| ≤ 1, 0 ≤ |xi+1 − xi| ≤ 1 and xn−1 − yn−1 = 1. Thereafter,
n−1⋃
i=1
yi
⋃ n−1⋃
j=1
xj = {1, 2, · · · , n}.
Because three vertices v1, vn−1 and vn consist of a path. When y3 = y2 = y1 = 1, we
obtain x3 = n− 2. So vn−2 and v1 are connected. Similarly, if y3 = 2, x3 = n− 1, v2 and vn−1
are connected. In fact, for any integer i, 1 ≤ i ≤ n, we have yi+1 = yi → xi+1 = xi + 1 or
yi+1 = yi + 1→ xi+1 = xi. If yi+1 = yi, then yi+1 and yi corresponds to same vertex vs, xi+1
corresponds to vertex vt, vs and vt are connected, by xi = yi + n − i. Similarly, if xi+1 = xi,
then xi+1 and xi corresponds to same vertex vt,yi+1 corresponds to vertex vs, vs and vt are
connected. we know that T (n) corresponds to a graceful tree by Lemma 2.1.
For Theorem 2.2(ii), let N = {1, 2, · · · , n}. If yi = yi+1, xi+1 = xi − 1 and yi+2, yi+3, · · · ,
yi+k are consecutive plus 1 of yi, then xi+2 = xi+3 = · · · = xi+k = xi+1. Since yi+1 does
not participate in the rearrangement, we know that xi+1 = yi+1 + n − i + 1. Notice that
yi+2, yi+3, · · · , yi+k participating in the rearrangement do not change these labels of n vertices.
Namely, the labeling set {1, 2, · · · , n} is not dependent on xi+2, xi+3, · · · , xi+k by xi+2 = xi+3 =
· · · = xi+k = xi+1. In fact, yi+2, yi+3, · · · , yi+k correspond to k − 1 leaves of a tree, and
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min{xi} = xn−1 > max{yi} = yn−1, i = 1, 2, · · · , n. If yi+r is replaced by yi+r−j(1 ≤ j ≤
r − 2) for 2 ≤ i ≤ k, then yi+r > yi+r−j. We obtain x′i+r−j > xi+r−j = xi+1, since there
exists an xs = x
′
i+r−j(x1 ≥ xs ≥ xi+1) correspondent to a vertex of a tree, which does not
change these yi+r correspondent to leaves. If yi+r is replaced by yi+r+j(1 ≤ j ≤ k − r), we
obtain x′i+r+j = yi+r + n − i − r − j < xi+r+j = xi+1. If x′i+r+j ≥ xn−1, there exists an
xs = x
′
i+r+j(xi+1 ≥ xs ≥ xn−1). Now if x′i+r+j ≤ yn−1, then there still exists a yt = x′i+r+j .
Both of them do not change these yi+r correspondent to leaves. Therefore,
T ′(n) =
 1 1 y′3 y′4 · · · y′n−1
n n− 1 x′3 x′4 · · · x′n−1
 .
still corresponds to a graceful tree. 
According to Theorem 2.2, the rearrangement on yi enable us to get new graceful tree, is
not equivalent to the original tree. We enumerate all rearrangement labeling on graceful trees
in the following.
Let T (12, 22, 32, · · · , kr0) denote a permutation 1 1 y3 y4 · · · yn−1
n n− 1 x3 x4 · · · xn−1
 ,
in which, y1 = y2, y3 = y4, · · · , y2i−1 = y2i = i for i ≤ k. Let E(Tn) denote the number of all
non-equivalent graceful trees of n vertices, and E(Tn, k
r0) denote the number of permutations
on k+1, k+2, · · · , n−k−r0+1 satisfying yi ≤ i and xi = yi+n−i for k+1 ≤ i ≤ n−k−r0+1.
Applying Theorem 2.2 we find the following result.
Theorem 2.3 For any integer n > 2, let E(Tn,K) =
∑
1≤k≤n2
E(Tn, k
r0). If n ≡ 0(mod2),
then
E(Tn,K) =
α∑
i=2
in−3i+2(ii−1 − 1) · (i− 2)!
+
β−1∑
i=1
(α+ i)((α + i)α−2i+1 − 1) · (α+ i− 2)!
+
γ∑
i=1
(2i− 1) · (n
2
− i)! + (α− 1)
λ∑
i=0
i!
+
β∑
i=1
i(α− 2i+ ρ+ 2) · (α− 2i+ ρ)!, (3)
where, 
α = n3 , β =
n
6 , γ =
n
6 , λ =
n
3 − 1, ρ = 0, if n ≡ 0(mod6);
α = n−13 , β =
n+2
6 , γ =
n−4
6 , λ =
n−1
3 , ρ = 1, if n ≡ −2(mod6);
α = n+13 , β =
n−2
6 , γ =
n−2
6 , λ =
n−2
3 , ρ = −1, if n ≡ 2(mod6).
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If n ≡ 1(mod2), then
E(Tn,K) =
α′∑
i=2
in−3i+2(ii−1 − 1) · (i− 2)!
+
β′∑
i=1
((α′ + i)α
′−2i − 1) · (α′ + i− 2)!
+
γ′∑
i=1
(2i− 1) · (n− 1
2
− i)! + (α′ − 1)
λ′∑
i=0
i!
+
β′∑
i=1
i(α′ − 2i+ ρ′ + 2) · (α′ − 2i+ ρ′)! + β′ + 1, (4)
where,

α′ = n+13 , β
′ = n−56 , γ
′ = n+16 , λ
′ = n+13 − 2, ρ′ = −1, if n ≡ −1(mod6);
α′ = n3 , β
′ = n−36 , γ
′ = n−36 , λ
′ = n3 − 1, ρ′ = 0, if n ≡ 3(mod6);
α′ = n+23 , β
′ = n−76 , γ
′ = n−16 , λ
′ = n−43 , ρ
′ = −2, if n ≡ 2(mod6).
Proof Let k = 1, r0 = 2. Then
T (12) =
 1 1 2 3 4 · · · n− 2
n n− 1 n− 1 n− 1 n− 1 · · · n− 1
 .
In fact, it is correspondent to a graceful tree(see Fig.2.1 below).
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If y3 6= 2, then y3 = 3 because xi = yi + n− i and max{xi} = n. Similarly, if y4 6= 2 too,
then y4 = 4. If there is an integer r,3 ≤ r ≤ n − 1 such that yr = 2, then yi = i, xi = n for
3 ≤ i < r. In other word, only y3 = 2 or y3 = 3, and y4 is one element of the set {2, 3, 4}−{y3},
y5 is one element of the set {2, 3, 4, 5}−{y3, y4}, · · · . Continuing this process, yn−1 is uniquely
determined at the final. Hence the number of permutations is 2× 2× 2× · · · × 2× 1 = 2n−4.
When
T (13) =
 1 1 1 2 3 · · · n− 3
n n− 1 n− 2 n− 2 n− 2 · · · n− 2
 ,
then choose an element y4 in the set {2, 3, 4}, an element y5 in the set {2, 3, 4, 5} − {y4}, · · · .
Continuing in this manner, yn−2 and yn−1 are 2 selectable. So the number of such permutations
is 3× 3× 3× · · · × 3× 2! = 3n−6 · 2!.
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Similarly, When
T (14) =
 1 1 1 1 2 3 · · · n− 4
n n− 1 n− 2 n− 3 n− 3 n− 3 · · · n− 3
 ,
we have E(Tn, 1
4) = 4× 4× 4× · · · × 4× 3! = 4n−8 · 3! and generally,
E(Tn, 1
r) =

rn−2r(r − 1)!,
 2 ≤ r ≤ n2 − 1, n is even;2 ≤ r ≤ n−12 , n is odd. (5)
(n− r − 1)!,
 n2 − 1 < r ≤ n− 1, n is even;n−1
2 < r ≤ n− 1, n is odd.
In general, if k + ⌈k2 ⌉ ≤ n2 − 1
E(Tn, k
r) =
n
2−⌈
k
2 ⌉∑
r=k+1
rn−2r−k+1 · (r − 1)! +
n−k∑
r=n2−⌈
k
2 ⌉+1
(n− k − r)!, n is even;
E(Tn, k
r) =
⌈n−k2 ⌉∑
r=k+1
rn−2r−k+1 · (r − 1)! +
n−k∑
r=⌈n−k2 ⌉+1
(n− k − r)!, n is odd. (6)
If k + ⌈k2 ⌉ > n2 − 1
E(Tn, k
r) =

∑n−2k
r=1 (n− 2k − r)!, n is even;∑n−2k−1
r=1 (n− 2k − r)!, n is odd.
(7)
By (6) and (7), when n is even, define
f(k) =
n
2−⌈
k
2 ⌉∑
r=k+1
rn−2r−k+1 · (r − 1)!
with k ∈ {n3 − 1, n−13 − 1, n+13 − 1}. Then we know that
(a) if n ≡ 0(mod6), k = n3 − 1, then
f(
n
3
− 1) = (n
3
)2(
n
3
− 1)!;
(b) if n ≡ −2(mod6), k = n−13 − 1, then
f(
n− 1
3
− 1) = (n− 1
3
)3(
n− 1
3
− 1)! + (n− 1
3
+ 1)(
n− 1
3
)!;
(c) if n ≡ 2(mod6), k = n3 − 1, then
f(
n+ 1
3
− 1) = (n+ 1
3
)(
n+ 1
3
− 1)!.
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Whence we obtain that
r<n+13∑
i=2
(in−2i+ in−2i−1+ in−2i−2+ · · ·+ in−3i+2)(i− 1)! =
r<n+13∑
i=2
in−3i+2(ii−1 − 1)(i− 2)!. (8)
When n ≡ 0(mod6),
n
6−1∑
i=1
((
n
3
+ i)1 + (
n
3
+ i)2 + (
n
3
+ i)3 + · · ·+ (n
3
+ i)
n
3−2i+1)(
n
3
+ i− 1)!
=
n
6−1∑
i=1
(
n
3
+ i)((
n
3
+ i)(
n
3−2i+1) − 1)(n
3
+ i− 2)!.
We obtain that
∑
k+⌈ k2 ⌉≤
n
2−1
n
2−⌈
k
2 ⌉∑
r=k+1
rn−2r−k+1(r − 1)!
=
n
3∑
i=2
in−3i+2(ii−1 − 1)(i− 2)! +
n
6−1∑
i=1
(
n
3
+ i)((
n
3
+ i)(
n
3−2i+1) − 1)(n
3
+ i− 2)!. (9)
Similarly, when n ≡ −2(mod6),
∑
k+⌈ k2 ⌉≤
n
2−1
n
2−⌈
k
2 ⌉∑
r=k+1
rn−2r−k+1(r − 1)!
=
n−1
3∑
i=2
in−3i+2(ii−1 − 1)(i− 2)!
+
n−4
6∑
i=1
(
n− 1
3
+ i)((
n− 1
3
+ i)(
n−1
3 −2i+1) − 1)(n− 1
3
+ i− 2)!, (10)
and when n ≡ 2(mod6),
∑
k+⌈ k2 ⌉≤
n
2−1
n
2−⌈
k
2 ⌉∑
r=k+1
rn−2r−k+1(r − 1)!
=
n+1
3∑
i=2
in−3i+2(ii−1 − 1)(i− 2)!
+
n−8
6∑
i=1
(
n+ 1
3
+ i)((
n+ 1
3
+ i)(
n+1
3 −2i+1) − 1)(n+ 1
3
+ i− 2)!. (11)
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Now let
f1(k) =
n−k∑
r=n2−⌈
k
2 ⌉+1
(n− k − r)!.
Similarly, we get that
(a) When n ≡ 0(mod6), k = n3 − 1,
n−k∑
r=n2−⌈
k
2 ⌉+1
(n− k − r)! =
n
3−1∑
i=1
f1(i)
=
n
6∑
i=1
(2i− 1)(n
2
− i)! + (n
3
− 1)
n
3−1∑
i=0
i!. (12)
(b) When n ≡ −2(mod6), k = n−13 − 1,
n−k∑
r=n2−⌈
k
2 ⌉+1
(n− k − r)! =
n−1
3 −1∑
i=1
f1(i)
=
n−4
6∑
i=1
(2i− 1)(n
2
− i)! + (n− 1
3
− 1)
n−1
3 −1∑
i=0
i!. (13)
(c) When n ≡ 2(mod6), k = n+13 − 1,
n−k∑
r=n2−⌈
k
2 ⌉+1
(n− k − r)! =
n+1
3 −1∑
i=1
f1(i)
=
n−2
6∑
i=1
(2i− 1)(n
2
− i)! + (n+ 1
3
− 1)
n+1
3 −1∑
i=0
i!. (14)
When k + ⌈k2 ⌉ > n2 − 1. Let
f2(k) =
n−2k∑
r=1
(n− 2k − r)!.
We know that
(a)When n ≡ 0(mod6), k > n3 − 1,
∑
f2(k ≥ n
3
) =
n
6∑
i=1
i(
n
3
− 2i+ 2)(n
3
− 2i)!. (15)
(b) When n ≡ −2(mod6), k > n−13 − 1,
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∑
f2(k ≥ n− 1
3
) =
n+2
6∑
i=1
i(
n− 1
3
− 2i+ 3)(n− 1
3
− 2i+ 1)!. (16)
(c) When n ≡ 2(mod6), k > n+13 − 1,
∑
f2(k ≥ n+ 1
3
) =
n−2
6∑
i=1
i(
n+ 1
3
− 2i+ 1)(n+ 1
3
− 2i− 1)!. (17)
To sum up, we obtain (3) by formulae (9), (10), (11), (12), (13), (14), (15), (16) and (17).
Similarly, the discussion for the case n ≡ 1(mod2) can be divided into three subcases, i.e.,
n ≡ −1(mod6), k = n−23 , n ≡ 3(mod6), k = n3 − 1 and n ≡ 1(mod6), k = n−43 , and the formula
(4) can be found as the formula (3). 
For example, E(T6,K) = 10 when n = 6. We obtain 10 non-equivalent graceful trees by
permutations following.
(
1 1 2 3 4
6 5 5 5 5
)
→ {e16, e15, e25, e35, e45};
(
1 1 2 4 3
6 5 5 6 4
)
→ {e16, e15, e25, e46, e34};(
1 1 3 2 4
6 5 6 4 5
)
→ {e16, e15, e36, e24, e45};
(
1 1 3 4 2
6 5 6 6 3
)
→ {e16, e15, e36, e46, e23};(
1 1 1 2 3
6 5 4 4 4
)
→ {e16, e15, e14, e24, e34} ;
(
1 1 1 3 2
6 5 4 5 3
)
→ {e16, e15, e14, e35, e23};(
1 1 1 1 2
6 5 4 3 3
)
→ {e16, e15, e14, e13, e23};
(
1 1 1 1 1
6 5 4 3 3
)
→ {e16, e15, e14, e13, e12};(
1 1 2 2 3
6 5 5 4 4
)
→ {e16, e15, e25, e24, e34};
(
1 1 2 2 2
6 5 5 4 3
)
→ {e16, e15, e25, e24, e23}.
When n is a large number, E(Tn) >> E(Tn,K). Of course, there exist a lot of isomorphic
trees in the previous enumeration. We have verified the number of non-isomorphic graceful
paths Pn for n ≤ 13 vertices in the following table.
n 2 3 4 5 6 7 8 9 10 11 12 13
E(Pn) 1 1 1 2 6 8 10 30 74 162 330 760
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